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DISJOINT SHORTEST PATHS IN GRAPHS

Hikoe ENOMOTO and Akira SAITO
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It is an interesting problem that how much connectivity ensures the existence of n disjoint
paths joining given n pairs of vertices, but to get a sharp bound seems to be very difficult. In this
paper, we study how much geodetic connectivity ensures the existence of n disjoint geodesics joining
given n pairs of vertices, where a graph is called k-geodetically connected if the removal of any k—1
vertices does not change the distance between any remaining vertices.

In this paper we consider finite undirected graphs without loops and multiple
edges. We say that a graph G is n-linked if G has at least 2n vertices and for any 2n
distinct vertices xi, ..., X,, V1 -..» ¥, there exist » disjoint paths Py, ..., P, such that
P; joins x; and y; (1=i=n). It is interesting how much connectivity ensures n-linked-
ness. Larman and Mani [4] and Jung [3] showed that 23"-connected graphs are n-link-
ed, that is, the following function is well-defined: f(n)=min {klevery k-connected
graph is n-linked}. Thomassen [5] showed that f(2)=6 and conjectured that f(n)=
=2n+2 for n=2. At present, no polynomial function is known that is an upper
bound of f. In this paper we study how much geodetic-connectivity, which is first
introduced by Entringer, Jackson and Slater [2], is required for graphs to have n
disjoint shortest paths joining given pairs of vertices.

Let G be a graph. We denote by V(G) and E(G) the set of vertices and the set
of edges of G, respectively. We denote by P=[x=a,, a;, ..., ¢y4=y] the path which
gocs through vertices g, 4y, ..., a;. We also write P=P[x; y]. The nuinber / is
called the length of P and is denoted by /(P). Let x and y be vertices of a graph G.
We denote by d;(x, y) the distance between x and y in G and by I'g(x) the set of
vertices adjacent to x in G. Let P, and P, be paths in a graph G. We. say that P,
and P, are disjoint if V(P)NV(P)=0. Let {P,, ..., P,} bea set of paths in G. Then
{P,, ..., P,} is called a linkage if any two distinct members P; and P; are disjoint.
If u and » are (not necessarily distinct) vertices of a graph G, a shortest path-joining
u and v is called a uv-geodesic. A linkage {Py, ..., P,} is called a geodetic linkage if
each P, is a geodesic. Notation not defined here is found in [1]. Let # be a nonnegative
integer. A graph G is n-geodetically connected if dg_gs(x, y)=dg(x, y)<e for any
ScV(G) satisfying |S|=n—1 and for any x, y€V(G—.S), where G—S is the
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subgraph of G obtained from G by deleting .S. Using this notation, our main result is
stated as follows:

Theorem 1. Let n=1 and x, ..., Xy, V1, ---» ¥, be distinct vertices of G. Suppose
[{i|dg Cxi» y)=2}|=q=1 and G is (2n+q—2)-geodetically connected. Then there exists
a geodetic linkage {P.[x;; v, ..., Pylx,; »,]}-

In order to prove Theorem 1, we use a characterization of n-geodetically con-
nected graphs by Entringer, Jackson and Slater [2].

Theorem A [2]. Let G be a graph. Then the following conditions are equivalent.
(1) G is n-geodetically connected.
) If x,yeV(G) and dg(x, y)=2, then |Fc(x)NTg(W)z=n. |

The following two lemmas are frequently vsed in the proof of Theorem 1.

Lemma 1. Let x,y,z€V(G) and P=P[x;y] be an xy-geodesic. Then |I'¢(z)N
Nv{p)j=3.

Proof. Let P=[x=a,, @, ...,aq;=)]}. Suppose |[;(z2)NV(P)|=4. Then there exist
two vertices a;, a;€ V(P)ﬂFG(z) satisfying dg (a;,a)>2. Let P'=[x=a,,4a, ...,
s Gy 2, Oy . ,a, =y]. Then P’ is shorter than P. This is a contradiction. JJ

By a similar arguement, we obtain the following lemma.

Lemma 2. Let x,y,a,beV(G) and P=P[x; y] be an xy-geodesic in G. If a and b
are adjacent, (a)UFG(b))ﬂ V(P)|<4 ]

Now we prove Theorem 1.

Proof of Theorem 1. The proof is done by induction on #. It is obvious that the
theorem holds when n=1. Suppose n=2. Since g=1, we may assume dg(x,, y,)—
=2. Then there exists a geodetic linkage {R;[xy; »], ...y Ryu_1lx,_y; yoal} in
G—{x,,y,} by the induction hypothesis. Since 2n+q—2=3, do— (. (x> V)=
=d;(x;, y) and each R;is a geodesic in G. If d;(x,, y,)=1, the theorem follows
easily. Hence we may assume dg(x,, y,)=2. Let @ be the family of ordered sets
(z15 22, Q15 @35 Prs ooy Ppoy),  Where 23, 2,6 V(G), Qy=04[x,;z] and Q,=
=Q,[y,; z,] are geodesics and each P; is an x;y; geodesic (l=i=n—1), satisfying
the following conditions.

(1) The set {Qy, Qs, Py, ..., Pu_y} 1s a geodetic linkage.

¥3)] dg(X,, 20 +dg (21, 22) +dg (22, ¥a) = d (X, Y-

Let O and and Q{® be the trivial x,x,- and y,y,-geodesics. Then (x,, y,,
0, 0©, Ry, ..., R,_)ED. So 0. Take (z,,2;, Oy, Qsy Prs ... Po_)ED such
that dg(z;, zp) is minimum in &. Let ri=dg\x,, 2, rs=dg(),, 22), s=ds(21, 25
and d;=dg(x;, ;) (1=i=n). Let Q,=[x,=c¢y, 15 .o0r ¢, =24]. If $=0, then z;=z,
and the theorem follows. The case s=1 does not occur. Hence we may assume s=2.
Then there exists z€ V(G) such that dg(z;,2)=2 and dg(z, z)=s—2. Let

n—1
U=TI¢(z)N(2)={w, ..., u,}. Bythe assumption, h=2n+g--2. If Ug |J V(P),
i=1
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say uk€ U- U V(P) set Q'-[x =Cpy «ers Cpys uk]- Then (uka Z2s Q’s st Pls seey
—)ED and dg(u,, z))=5—1. This contradicts the assumption. Hence Uc
c U V(P) On the other hand, |[UNV(P)|=3 foranyi, | =i=n—1, by Lemma 1.

Let L—I{z]lSzSn—l [UNV(P)=3}). Then 3L+2(n—1-Ly=h=2n+g-2,
which implies L=gq. In particular, L=1.

We cla1m that d,=2 if |[UNV(P)|=3. Assume |[UNV(Py)|=3 and d;=3.
Let P;=[x;=by, ..., by,= y,] We may assume that b, l—ul,b,—uz and b.1=uy
for somel By the assumptlon I=2 or /=d;—2. Without loss of generality we may
assume [=2. Set Wl—I"G(b,_l)ﬂI‘G(b,H) and W,=TI¢(b;- 2)ﬂFG(b,) Note
that W,NW,=0 since dg(x;, w)=1! for any w,€W; and dg(x;, w)=I—-1 for
any w,EW,. Since b,_q, b, b 1€U, ds(x,,b)=n+1 (i=I-1, 1 1+1) Hence
V(@) NWy={z). Similarly, V(Q)NW;C{z,}. Suppose there exists a vertex

n—1
we W, such that w¢ \J V(P)U{z, z,}. Then taking
=1

Pj = [xj = bo, ceey bl—l’ w, bl+1’ very bd,+yj]’

P =P #])
and
Q’ = [xn = Cos -+»>» C,.l, U, = bl]’

we have (up, Z5, O, @z, P{, ..., Pi_)é® and dg(uy, z;)=s—1. This contradicts
n—1 n—1

the assumption. Hence W,C U V(PYU{z,, z,}. Similarly W,c {J V(P)U{z,}.
i=1

Therefore, we have W,UW,c U V(P)U{z;,z,}. Clearly |WNV(P)l=

=|W,NV(P;)]=1. Since chfc(b,+1) and W,cTg(b), (W UWHINV(P)| =
<|(FG(b,+1)UFG(b,))ﬂ V(P)|=4 for any i, 1=i=n—1, by Lemma 2. Thus we
have

W+ W =3q+4{(n—2)—q}+1+1+2=4n—g—4.

On the other hand, since W, W,=0, |W,|+|W,|=22n+g—2). Then we have
g=0. This contradicts the assumption. Hence d;,=2 if |UNV(P)/=3. Thus
L=g and we have L=gq. Therefore, d,=3.

Next, we take a vertex z’ such that ds;(z,,z)=2 and dg(z;,2)=s5s—2. Let
U'=Tg(z)NI'g(z") and L'=|{i[lsi=n—1, |[U'NV(P)|=3}|. Then by the similar
argument as above, we have L’=gq. This implies s=2.

Since L=q and dg(x;, 1)=2, we have V(P))CI¢(z;)NT¢(z,). Further-
more, r, =1 or r,=1 since d,=3. We may assume r,=1. Let P,=[u, u;,, 1],
where u; =x, and u,=y,. Let U'=TIg¢(c,- l)ﬂl" ¢(u,). Since dg(c,, 1, 4;)=2,

|U’|=2n+g—2. Note that UNU'=0. If ueIU v(P)U{z,} for some uclU’,

then take
P;. = [ui19 Z1, uig],

Pl=PQ2=i=n-1)
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and
Q =[x, =co, ...r Crmny U, )]

Then (4,25, Q' Qq, Py, ..., Pr_)E€E® and ds(u;,, z,)=s5—1. This contradicts
n—1 n—1
the assumption. Therefore U’'c |J V(P)U{z} and we have UUU'c | VrP)U

i=1 i=1
U{z;}. Since UNU’'=P and [(UUUYNV(P)=|T6(z)UTg(u,))NV(P)|=4
(I=i=n-1), 3g+4@n—q—D+1=|U|+|U’|=2(2n+¢—2), which implies 3g=1.
This contradicts the assumption. Hence the result follows. J

When ¢=0, one more geodetic-connectivity is needed.
Theorem 2. Let n=1 and xy, ..., Xpy Yy, --., ¥, be distinct vertices of a graph G satis-

Sving dg(x;, y)=2 (1=i=n). If G is 2n—1)-geodetically connected, there exists a
geodetic linkage {Py[x,; y), ... Palxa; v} |

The proof of Theorem 2 is similar to that of Theorem | and we omit it.

Let n=1. A graph G is called geodetically n-linked if |V(G)|=2n and for
any distinct 2n vertices x,, ..., X,, Y1, ..., ¥, Of G there exists a geodetic linkage

{Pilx1; M)y -.vy Pulxss v4]}. As acorollary of Theorem 1 and Theorem 2 we obtain the
following.

Corollary. Every (3n—2)-geodetically connected graph is geodetically n-linked.

Proof. Suppose G is {3n—2)-geodetically connected. Let x, ..., x,, ¥, ....}n DE
distinct vertices of G. Set g=|{i|l=i=n, ds(x;, y)=2}]. Since n=1 and g=n,
3n—2=max {2n+g-2,2n—1}. Hence the result follows by Theorems 1 and 2. |

Now we prove that the results of Theorem 1 and Theorem 2 are best possible.

Theorem 3. Let n and q be positive integers such that q=n. Then there exist a graph
G(n, q) and 2n vertices Xy, ..., X,, J1s --+» Yo 0f G(n, q) satisfying the following condi-
tions.

(i)  dg(x;, y)=2 for any is such that 1=i=q.

(i) G(n, q) is 2n+q—3)-geodetically connected.

(i)  There exists no geodetic linkage {P,[x1; y1) -.es Polxy; yul}-

Proof. Let K be a complete graph of order 2n+¢—1 whose vertex set is {xq, ..., X,
Vi eves Yus Z1s -oes 241}~ Define G(n, q) by G(n, @)=K—{x)p1, ..., X,1,}- In G(n, q),
{x1, »1}s .., {x,, ¥o} are the only pairs of vertices of distance two and I'g(x;)=
=Ic(y)=V(G(n, q))—{x;, y;} for 1=i=q. Hence G(n, q) is (2n+g—3)-geodeti-
cally connected by Theorem A. But there does not exists a desired geodetic linkage
since each geodesic joining x; and y; (1 =i{=gq) must pass through some z;. J]

Theorem 4. Let n be a positive integer. Then there exist a graph G(n) and 2n vertices
Xiy oees Xps Vs ooy ¥u 0f G(n) satisfying the following conditions

M) domy (x> y)=3 (1=i=n).
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(i)  G(n) is (2n—2)-geodetically connected.
(i)  There exists no geodetic linkage {Pi[x1; y1l, ..., PylX.; pal}-
Proof. We define V(G(n)) and E(G(n)) as follows.

V(G = {xy, . xfUfay, g, JUpRII= 1, on, j= 1,2, k=1,..,2n—2}U
Ulbs, .. b.a,,_z}U{c}.

Let H, be the complete graph whose vertex set is {xy, ..., X,, @), ..., @,-1} and let H®
be the complete bipartite graph with partite sets {y{}, .. s 1o} and {¥8, ...,
os V% -2}, Then E(G(n)) is

E(G(m) = E(HO)U[U E(H(‘))]U{xpy“’ =i, p=n, p#i, 1=k=2n-2}U

Ufayiill=g=n—-1,1=i=n 1 =k=2n-2}U
Ufea |l = g=n—-1JU{bp@l1=1=2n-2, 1 =i=n, L =k=2n-2}U
U{epidll =k =2n-2, 1 =i =n}

Then G(n) is (2n—2)-geodetically connected. Let p;=p{). Then dguy(x;, y)=3.
On the other hand, it is easy to see that every x;y; geodesic passes through some a;.
Hence G(n) has no desired geodetic linkage. J

For positive integer n, we define h(n) by
h(n)=min {k| every k- geodetxcally connected graph is geodetically n-linked}.
Then Corollary, Theorems 3 and Theorem 4 say that A(n)=3n—2.
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